Unit 5
Working with Percentages

Percentages seem to be commonplace: Business grows 10% over last year; a product is marked down 15%; polls show that 73.6% of people hold a certain opinion or have a specific demographic.  What are these things we call percentages?

"Percent" means "per hundred" which you probably remember from your early days in school.  To calculate what percent A is of B is simple: % = 100*A/B.  Again, a point no doubt remembered from school, A is the numerator of the fraction and B is the denominator, a point to which we will return.

For the purposes of calculating with percentages, it is helpful to convert the percentages to decimal fractions, and equally helpful to be able to convert a decimal fraction into a percentage.  Doing that is easy enough: you just shift the decimal point.  To convert a percentage into a decimal fraction, move the decimal point two digits to the left.  To convert a decimal fraction into a percentage, move the decimal point two digits to the right.  Here are a few examples:

	Percentage to Decimal Fraction
	Decimal Fraction to Percentage

	3.7%
	0.037
	0.48
	48%

	125.8%
	1.258
	0.031
	3.1%

	19%
	0.19
	2.713
	217.3%

	31.7%
	0.317
	0.000098
	0.0098%

	0.03%
	0.003
	0.04
	4%

	1.2%
	0.012
	0.54
	54%

	55%
	0.55
	0.0123
	1.23%


It is quite simple, once you see a few examples.  Once the percentage is converted into a decimal fraction, the calculations are handled with that decimal fraction just like any other would be.  So, 5% of 150 would be:

0.05 * 150 =  7.5

So far, so straight forward

What becomes tricky in dealing with percentages is knowing what is really happening.  Consider an object priced at $150 that has had a $25 reduction in price.  It now costs $125.  One way you could calculate the percent drop in price is to use the initial price as the denominator:
100 * 25 / 150 =  16.667%

Looks pretty good, doesn't it?  But the seller wants to be more impressive, and say it's a 20% reduction in price, so the denominator is taken as $125 and we get:

100 * 25 / 125 = 20%

Now, the price has dropped by the same $25, but by changing the denominator, it looks like a higher percentage of the price.  There are numerous other, somewhat subtler, games that can be played with percentages.  The point, however, is straight-forward: be sure you know what is being used as numerator and denominator.

Interest, Saving and Loans
From the standpoint of finances, percentages become interesting on savings accounts and loans: if the institution is giving you 2.4%  interest per year, that means it increases by 0.024 after a year—you'd multiply the balance by 1.024, if it was one year and simple interest.

Let's take a closer look at interest calculations.  There are two types of interest: simple interest and compound interest.  For the sake of simplicity, let's look at simple interest first.

Interest is an amount added to a sum of money every unit of time: 5% per year, or .4% per month or some such.  Let us define a few variables, here:

P = The principle: the total amount of money in savings or that has been borrowed

r = The rate of interest per unit time—generally either per month or per year.  Make sure that you know what that unit of time is!

n = The number of units of time that have passed—again, months or years

To calculate the amount of interest that has accrued, here is the formula:

Interest accrued = P*n*r

That's pretty simple!

So, if I am paying 0.4% simple interest per month, and it is on $1000, and I have held it for 16 months, we would have:

Interest accrued = $1000*16*0.004 = $64

It's not going to get anyone rich quickly, but not bad.  Here's another example:

P = $5000

Interest rate is 5% per year, so r =  0.05

Held for 15 years, so n = 15

And you have: 5000*15*0.05 = $3750

That's not pocket change!  But it's over a 15 year span of simple interest.

Compound interest is more complex.  In compound interest, which is customarily compounded every month, the interest that accrues also has interest charged on it.  Let's let P be the amount of money owed or saved, let n be the number of units of time—we'll use months here—and r be the rate of interest.  Let A be the current amount of money.  Here's the formula for compound interest:
A = P * (1+r)n
You'll notice that n is now an exponent rather than a multiplier.  That makes a huge difference!  Let's go back to the 15 years at 5% interest, compounded every month, on a principal of $5000 and see what things look like.

P = $5000

r = 0.05/12 ~ .004166667 (remember: this is interest per month not per year)
n = 12*15 = 180 (Again, 15 years comes to 180 months)

So, A = P*(1+r)n = $5000*(1.00416667)180 ~ $10568.52 (The actual amount is rounded to two places accuracy)
The same interest rate, using simple interest, would have only had a total of $5000 (the initial amount) + $3750 (the accrued interest) or $8,750—a substantial difference!

Let's try another problem: you put $50,000 in a savings account, which will be held for 25 years, at 4.8% interest per year, compounded monthly.

P = 50,000

Since this is 25 years, and compounded every month, n = 12*25 = 300

The interest rate is 4.8% per year, which makes r = 0.004 (4.8/100 to get the decimal version of 4.8%, then 0.048/12 = .004 as the fraction per month)

Then at the end of the 25 years,

A = $50,000 * (1.004)300 ~ $165,608.97

That's some major money!  As with simple interest, the longer the money is held, the more there is at the end of the time it is held—but it grows much more quickly with compound interest.  Simple interest would have ended up with just $110,000 at the end of 25 years—that's over $55,000 difference.  No wonder banks like charging compound rather than simple interest!
Saving and Borrowing/Loans
Let's look at this from a different angle and consider loans & savings.

Consider this situation: you know that your ministry building will need a new roof in 7 years.  Based on the current estimate of the cost to re-roof the building, and what you guess prices will do over then next seven years, you expect that the task will cost about $8,000.  You want to put some amount of money into a savings account every month, so that when the time comes, you will have the $8000 that you will need.  How do you figure that?

Let us assume that the savings account receives 4.8% interest, compounded monthly.  Then:

r = 4.8/(12*100) = 0.004

n = 7*12 = 84

A = 8,000

Here, we use a different formula for the calculation:

P = A*r/((1+r)n -1)(1+r))

So, we see:

P = 8000*0.004/((1.00484-1)*(1.004)) = 32/((1.39840148331-1)*1.004) = $80, which is rounded down
Now, 84 payments of $80 amounts to $6720; by steadily paying into the savings account, you've made $1,280.

Note that this assumes that you make your last deposit a month before you withdraw the amount saved.

Let's try this same problem again, only let's use a different interest rate: the annual rate is 3.6% compounded monthly, rather than 4.8%

r = 3.6/(12*100) = 0.003
and, with n = 84, we get:

P=8000*0.003/((1.00384 -1)* 1.003) = $83.63 which is rounded down so call it $83.64.
That's not a monstrous difference, but over the 84 payments into the account, you have put in about $7,025.75, over $300 more than with a higher rate of return.

Let's take a look at this from yet another angle.  You have to borrow an amount of money, at a certain interest rate, compounded monthly, and you will be paying it all back over a certain length of time.  You want to figure out what the payment would be.  The formula is a bit different:
P = A*r/(1-(1+r)-n)

On the other hand, let's assume you can make a payment of P dollars a month, at a given interest rate over a specific period of time.  You want to know about how much you can afford to borrow.  We can shift this to give us the payment using this formula:

A= P*(1-(1+r)-n)/r

Some examples!

You will be buying a house, and after your down payment, you have to borrow $95,000.  You plan to pay this off with monthly payments over 20 years, and your loan will be at 6% interest, compounded monthly.  What should you expect your payment to be?

A = $95000

r = 0.06/12 = 0.005

n = 12*20 = 240

P=95000*0.005/((1-(1.005)-240​) ~ 680.61 which means the total of the 240 payments would total $163,336.40

Let's say you shopped around and found a loan that was at 5.4% interest making r  = 0.054/12 = 0.0045. What would the totals look like at that lower rate, all other things being equal?

P = 95000*0.0045/((1-(1.0045)-240​) ~ 648.14 with the total of the 240 payments would be $155,553.60, which is a significant difference.  That tells me that shopping for a lower interest rate is worth it—you have saved $6,782.80, which is not small change.

Let's look at this the other way around:  You can afford $700 a month, and you will be paying 5% interest compounded monthly. You can get a 20 year loan.  What can you safely borrow?

A = 700*(1-(1.005)-240)/0.005 = $97,706.54
OK, let's do that again, and this time with 5.4% interest, making r = 0.0045.

A = 700*(1-(1.0045)-240)/0.0045 = $102,601.40

Again, shopping for a better interest rate has made a significant difference, here.

A word of caution needs mentioned: many institutions that are lending you money will have fees involved in making the loan, and there is often a requirement that you buy what is called credit life insurance—an insurance policy that will pay off the remainder of the loan in the event of your death.  What this means is that the calculations that you make using these formulae may not be quite the same as what the bank gets, including all the fees and possibly credit life.  

